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Abstract 

Let G m resp. G/ be the minimal resp. formal Kac-Moody group, as- 
sociated to a symmetrizable generalized Cartan matrix, over a field F of 
characteristic 0. Let F [G m ] be the algebra of strongly regular functions 
on G m - 

We denote by G m resp. Gf certain monoid completions of G m resp. Gf, 
build by using the faces of the Tits cone. ^ 

We show that there is an action of G/ x G/ on the spectrum of F- valued 
points of F[G m ]. As a Gf x G/-set it can be identified with a certain 
quotient of the G/ x G/-set G/ x G/, build by using G m . 
We prove a Birkhoff decomposition for the F- valued points of F [G m ]. 
We describe the stratification of the spectrum of F- valued points of F [Gm] 
in Gf x G/-orbits. We show that every orbit can be covered by suitably 
defined big cells. 

Mathematics Subject Classification 2000: 17B67, 22E65. 
Keywords: Kac-Moody groups, algebra of strongly regular functions. 



Introduction 



The minimal Kac-Moody group G m , which V. Kac and D. Peterson associated 
in [K,P 1] to a Kac-Moody algebra g over a field F of characteristic 0, is a group 
analogue of a semisimple simply connected algebraic group. 
For a symmetrizable minimal Kac-Moody group, Kac and Peterson defined and 
investigated in [K,P 2\ the algebra of strongly regular functions F [G m ] on G m . 
This algebra has many properties in common with the coordinate ring of a 
semisimple simply connected algebraic group. It is an integrally closed domain, 



even a unique factorization domain. It admits a Peter and Weyl theorem, i.e., 



F[G ra ] £ L*(A)®L(A) 
AeP+ 

as G m x G m -modules. But the following things, which hold in the non-classical 
case, arc different: 

1) Assigning to every element of G m its point evaluation, G m embeds in the set 
of F- valued points of F [G m ] , which we denote by Specm F [G m ] . But this map 
is not surjective. 

2) There exists no comultiplication of F [G m ], dual to the multiplication of G m . 
The situation is not too bad, left and right multiplications with elements of G m 
induce comorphisms. A more serious difference, the inverse map of G m does 
not induce a comorphism. 

In particular there is no natural group structure, even no natural monoid struc- 
ture on Specm F [G m ] . 

Kac and Peterson posed the problem to determine Specm F [G m ] , or at least a 



certain part of it, K,P 2 ] 



The tensor category O a dm of admissible modules of O generalizes the cate- 
gory of finite dimensional representations of a semisimple Lie algebra, keeping 
the complete reducibility theorem. 

In a way similar to the reconstruction process of the Tannaka-Krein duality, a 
suitable category of representations of a Lie algebra, together with a suitable 
category of duals, determines a monoid with coordinate ring. In some sense, 
this monoid is the biggest monoid acting reasonably on the representations. The 
coordinate ring is a coordinate ring of matrix coefficients. 



We determined and investigated in [Ml] the monoid G m corresponding to O a d 



and its category of restricted duals. Equipped with its coordinate ring F [G m ] 
of matrix coefficients, the monoid G m contains G m as Zariski open, dense unit 
group. It has similar properties as a reductive algebraic monoid. But it is a 
purely non-classical phenomenon, its classical analogue is a semisimple, simply 
connected algebraic group. For generalizing results of classical invariant theory, 
this monoid is more fundamental than the Kac-Moody group itself. For its his- 
tory in connection with Slodowy and Peterson we refer to the introduction of 



[Ml| 



The coordinate ring F [G m ] is isomorphic to the algebra of strongly regular 
functions F [G m ] by the restriction map. Therefore the monoid G m embeds in 
Specm F [G m ], but also this map is not surjective. 

To investigate the F- valued points of F [G m ] , we define and investigate a monoid 
Gf, which is build in a similar way as G m , but the minimal Kac-Moody group 
G m replaced by the formal Kac-Moody group Gf. In a subsequent paper we 
will prove that this monoid corresponds to O a dm and its category of full duals. 
In this paper we obtain the following description of Specm F [G m ]: We get, in a 
natural way, an action tt of Gf X Gf on F [G m ] by homomorphisms of algebras. 
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Therefore we also obtain a Gf x G/-action on the spectrum of F- valued points 
of F [G m ] from the right. Composing the evaluation map at the unit of G m with 
7r, we get a Gf x G/-equi variant map 

o:GfxGf — > SpecmF[G m ] , (x, y) i-> x o y . 

We show that this map factors to a Gf x G/-equivariant bijection with a quotient 
set of Gf x Gf, which is obtained as follows: The Chevalley involution of G m 
extends to an involution * of G m . We factor Gf x Gf by the G/ x G/-equivariant 
equivalence relation generated by 

(x,zy) ~ (z*x,y) , x,y e G f , z e G m . 

Due to this description, we can use structural properties of G m and Gf to prove 
properties of the G/xG /-space Specm F [G] . In particular we prove the Birkhoff 
decomposition 

Specm F[G m ] = |J B f owB f . 

1I1GVV 

Here Bf is the formal Borel group, and the Weyl monoid W is a certain monoid 
containing the Weyl group. 

We determine the stratification of Specm F [G] in G/ x G/-orbits: 
SpecmF[G m ] = |j G f oe(R(Q))G f . 

special 

Here { e(i?(0)) | O special } is a finite set of certain idempotents of G m . We 
show that each orbit is locally closed and irreducible. We determine the closure 
relation of the orbits. We describe the big cell Bf o e(R(Q))B f of the orbit 
Gf oe(i?(9))G/, and also the covering of Gf oe(i?(6))G/ by this big cell. We 
give stratified transversal slices to the orbits. 

The following work is in relation to these results: 

Let (M, C [M]) be a connected reductive algebraic monoid. Denote by G its re- 
ductive unit group. Let T be a maximal torus of G. Let B and B~ be opposite 
Borel subgroups containing T. 

Assigning to every element of M its point evaluation, M identifies with the 
C-valued points of C \ M]. 



L. Renner showed in Re 2|, that M admits Bruhat decompositions. Due to 
the existence of a longest element of the Weyl group, these are equivalent to 
the Birkhoff decompositions. In particular M = [J re7l B^rB, where 1Z is the 



Renner monoid. Due to the work of M. Putcha and L. Renner in [Pu 2], [Re 1| 
is the decomposition M = [J egA GeG. The set A is a certain set of idempotents 



a cross-section lattice, which has been introduced by Putcha in [ Pu 1 ] . Renner 
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found and described in [Re 2\ the big cell B eB in GeG 



The full spectrum of the algebra of strongly regular functions has been used by 



M. Kashiwara in [Kas| for his infinite dimensional algebraic geometric approach 
to the flag variety of a Kac-Moody group. In contrary to Kac and Peterson, he 
constructs the algebra of strongly regular functions without using the minimal 
Kac-Moody group. He uses the coalgebra structure of the universal enveloping 
algebra of g, to construct the algebra of strongly regular functions as a certain 
subalgebra of the corresponding dual algebra. Kashiwara defines an open sub- 
scheme of the full spectrum, which has a countable covering by suitably defined 
big cells. To obtain his flag variety, Kashiwara factors the subscheme by the 
action of Bf x {1}. 

Taking F = C, there exists a real unitary form K of G m , which coincides with 



the compact form in the classical case. D. Pickrell conjectures in [Pic] certain 
if-biinvariant resp. if -invariant measures for Kac-Moody groups. He proves 
the existence of these measures in the affine case. 

Important for the construction of the biinvariant measures is a Gf x G/-space 
Gf XG m Gf. He equips this space with a proalgebraic complex manifold struc- 
ture, using a covering of big cells as an atlas. He also equips Gf Xa m Gf with 
an algebra of matrix coefficients, isomorphic to the algebra of strongly regular 
functions. Important for the construction of the invariant measures is the flag 
G/-space {1} x Bf\Gf X<3 m Gf, also equipped with a proalgebraic manifold 
structure. 

It is not difficult to see, that the C- valued points of the subscheme of Kashiwara, 
as well as the Gf x G /-space Gf X c m Gf of Pickrell identify with the biggest 
Gf X G/-orbit of SpecmC [G m ]. In a subsequent paper, we will investigate the 
completed flag varieties in the setting of Kashi wara and in the setting of Pick- 



rell. Presumably the extended Bruhat order of M 2 | will be important. 

Pickrell also proved a Birkhoff decomposition for Gf x Q m Gf . He noted, that 
in the affine case, many interesting completions of G m corresponding to loop 
groups are embedded in the set Gf Xc m Gf. The Birkhoff decomposition of 
Gf x Gm Gf induces the Birkhoff decomposition of these completions. 
Now certain functional analytical closures, for example the closure used by Pe- 



terson in |K,P 4| for his KAK-decomposition, are also embedded in the full set 



SpecmC [G m ]- Hopefully this will help to make their structure more explicit. 
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1 Preliminaries 



In this section we collect some basic facts about Kac-Moody algebras, minimal 
and formal Kac-Moody groups, the algebra of strongly regular functions, and 
the corresponding monoid completion, which are used later. 
One aim is to introduce our notation. Another aim is to put these things, which 
can be found in the literature, on equal footing appropriate for our goals. 
The minimal Kac-Moody group, given in |K,P 1|, |K,P 3], corresponds to the 
derived Kac-Moody algebra. We work with a slightly enlarged group corre- 
sponding to the full Kac-Moody algebra as in [ fTi| , |Mo, P| . The algebra of 
strongly regular functions on this group is slightly larger, than the algebra of 
[K,P 2]. We introduce this algebra as the restricted coordinate ring of a monoid. 
The formal Kac-Moody group has been constructed in jsl|, starting with a re- 
alization, glueing parabolic subgroups of finite type, which are equipped with a 
proalgebraic structure. We only need the formal Kac-Moody group correspond- 
ing to a simply connected minimal free realization, and we introduce this group 
by a representation theoretic construction. 

All the material stated in this subsection about Kac-Moody algebras can be 
found in the books (k| (most results also valid for a field of characteristic zero 



with th e same pr oofs) , [ Mo, Pi | , about the minimal Kac-Moody group in | K,P 1 1 , 
[ K,P 3 ], [ Mo, Pi |, about the for mal Ka c-Moody group in about the al gebr a 
of st rongl y regular functions in | K,P 2 |, about the faces of the Tits cone in [LooJ, 
[§, [ M 1 |, and about the monoid completion of the minimal Kac-Moody group 
in fM 1| . 



We denote by N = Z + , Q + , resp. R + the sets of strictly positive numbers of Z, 
Q, resp. R, and the sets No = Zq , Qq , contain, in addition, the zero. 
In the whole paper, F is a field of characteristic and F x its group of units. 

Generalized Cartan matrices: Starting point for the construction of a Kac- 
Moody algebra, and its associated simply connected minimal and formal Kac- 
Moody groups is a generalized Cartan matrix, which is a matrix A = (aij) € 
Ajf n (Z) with an = 2, aij < for all i j, and aij = if and only if aji = 0. 
Denote by I the rank of A, and set / := {1, 2, . . . , n}. 

For the properties of the generalized Cartan matrices, in particular their classi- 
fication, we refer to the book Jk|. In this paper we assume A to be symmetriz- 
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able. 

Realizations: A simply connected minimal free realization of A consists of 
dual free Z- modules H , P of rank 2n — I, and linear independent sets II V = 
{hi,...,h n } C H, II = {ai,..., a n } C P such that oti{hj) = aji , i,j = 
1, . . . , n. Furthermore there exist (non-uniquely determined) fundamental do- 
minant weights Ai, . . . , A n G P such that Ai{hj) = 5ij, i,j = 1, . . . , n. 
P is called the weight lattice, and Q := Z-span{ oti \ i £ I } the rooi lattice. 
Set := Z±-span{ a t \ i £ I }, and Q± := Q± \ {0}. 

We fix a system of fundamental dominant weights Ai, . . . , A n , and extend h\, . . . , h n £ 
H, Ai, . . . , A„ G P to a pair of dual bases h\,. . . , h 2n -i & H , A\, . . . , A 2n -i G f • 
We set -ff reS i := "L-span { hi \ i = n + 1, . . . , 2n — Z }. 

The Weyl group, the Tits cone and its faces: Identify i? and P with the 
corresponding sublattices of the following vector spaces over F : 

h := h F := ff%F , h* := h := P ® z F . 

h* is interpreted as the dual of h. Order the elements of h* by A < A' if and 
only if A'-AeQ+. 

Choose a symmetric matrix B G M„(Q) and a diagonal matrix D — diag(ei, . . . , e„) , 
ei, . . . , e„ e Q + , such that A = Define a nondegenerate symmetric bilinear 
form on h by: 

{hi \h) — {h\ hi) := cn{h) ei i E I , h e h , 

(ti | h") := h', h" e h rest := H rest ® F . 

Denote the induced nondegenerate symmetric form on h* also by ( | ). 

The Weyl group W = W(A) is the Coxeter group with generators a , i £ I, and 
relations 

af = 1 (!£/) , (a^r- = 1 {i,j€l,i?j). 
The mjj are given by: 

The Weyl group W acts faithfully and contragredicntly on h and h* by 

Uih := h — ai {h)hi i £ I, h E h , 

(jjA := A — \{hi)on iel, A e h* , 

leaving the lattices H, Q, P, and the forms invariant. 

A re ■— W { ai | i e / } is called the set of real roots, and A^ e := W { /ij | i £ I } 
the set of rea/ coroots. The map Qj i— » hi, i G 7, can be extended to a W- 
equivariant bijection a ^ h a . 

To illustrate the action of W on hjjj geometrically, for J C I define 

Fj := { A G hj | A(fti) =0 for i G J , A(^) > for i G I \ J } , 
~Fj := { A e hg A(/ii) =0 for i e J , \{hi) > for i G I \ J } . 



ij ji 
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no relation between Uj and o-j 
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Fj is a finitely generated convex cone with relative interior Fj. The parabolic 
subgroup Wj of W is the stabilizer of every element A G Fj. For a G W call 
aFj a facet of type J. 

The fundamental chamber C := { A G 1% A(/ij) > for « 6 / } is a funda- 
mental region for the action of W on the convex cone X := W C , which is called 
the Tits cone. The partition C = Ujc/-^J induces a W-invariant partition of 
X into facets. 

A set O C I is called special, if cither O = 0, or else all connected compo- 
nents of the generalized Cartan submatrix (ay )i.j e e are of non-finite type. Set 
9 1 := { i £ / | fly = for all j G 9 }. Every face of the Tits cone X is W- 
conjugate to exactly one of the faces 

R(Q) := X n { A G h* | A(/i;) = for alH G 6 } = W@±F @ , & special . 

The parabolic subgroup Wq is the pointwise stabilizer of i?(6), and the parabolic 
subgroup WgyQi is the stabilizer of the set i?(0) as a whole. 
The relative interior of i?(0) is given by the union of the facets o~FQ U <~> f , where 
a G We-L , and 9/ is a subset of 0*, which is either empty, or else for which all 
connected components of {dij)i,jee f are of finite type. 

The Kac-Moody algebra: The Kac-Moody algebra g = g(A) is the Lie alge- 
bra over F generated by the abelian Lie algebra h and 2n elements a, fi, (i G I), 
with the following relations, which hold for any i, j G /, h G h: 

[eufj] = Sijhi , [h,ei] = cti(h)ei , [h, fi] = -a l (h)f l , 
(ade l ) 1 ^ aiJ ej = (adf, i ) 1 ~ aiJ fj =0 (i ^ j) . 

The Chevalley involution * : g — > g is the involutive anti-automorphism deter- 
mined by e* = f l} f* = e u h* = h, (i G I, h G h). 

The nondegenerate symmetric bilinear form ( | ) on h extends uniquely to a 
nondegenerate symmetric invariant bilinear form ( | ) on g. We have the root 
space decomposition 

g = £J) g Q where g Q := { x G g | [h, x] = a(h) x for all /i G h } . 
«eh* 

In particular g = h, g Qj = Fe i; and g_ a ^ = ¥f iy i G J. 

The set of roots A := { a G h* \ {0} | g a 7^ {0} } is invariant under the Weyl 
group, A = —A, and A spans the root lattice Q . We have A re C A , and 
Ai m := A \ A re is called the set of imaginary roots. 

A, A re , and A, m decompose into the disjoint union of the sets of positive and 
negative roots A ± := An Q ± , Are* 1 ■= A re H Q ± , Aim* := A^ m n Q ± . 
There is the triangular decomposition g = n~©h©n + , where := © QeA ± g Q - 

Irreducible highest weight representations: For every A G h* there exists, 
unique up to isomorphism, an irreducible representation (L(A),7Ta) of g with 
highest weight A. It is h-diagonalizable, and we denote its set of weights by 
P(A). 
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Any such representation carries a nondegenerate symmetric bilinear form ( ( | } } : 
L(A) x L(A) — > F which is contravariant, i.e., ((v \ xw)} — ((x*v \ w)} for all 
v, w G L(A), x G g. This form is unique up to a nonzero multiplicative scalar. 

The minimal and the formal Kac-Moody group: We say that a Lie 
algebra 1 acts locally nilpotent on an 1-module V, if for every v G V, there 
exists a positive integer m G N, such that for all x\, X2, ■ ■ ■ , x m G 1 we have 
X1X2 ■ ■ ■ x m v = 0. 

Call a g-module V m- admissible, if V is h-diagonalizable with set of weights 
P(V) C P, and g a acts locally nilpotent on V for all a G A re . 
Examples are the adjoint representation (g , ad), and the irreducible highest 
weight representations (L(A), A G P + := P DC. 

(Note that m-admissible is slightly different from integrable, which means V is h- 
diagonalizable, and g Q acts locally nilpotent on V for all a G A re . The weights of 
an integrable module can be contained in { A G h* | X(hi) G Z, i = 1, . . . , n }. 
If the generalized Cartan matrix is degenerate, then this set is no lattice.) 
The minimal Kac-Moody group G = G m = G m (A) can be characterized in the 
following way: 

• The group G acts on every m-admissible representation. Two elements g, g' G 
G are equal if and only if for all m-admissible modules V, and for all v G V, we 
have gv = g'v. 

• (1) For every h G H, s G F x there exists an element t h (s) G G, such that for 
any m-admissible representation (V, 7r) we have 

*fc(*)«A = « A(,l) ^ , V\ E V\ , A G P(F) . 

(2) For every x G g Q , a G A re , there exists an element exp(x) G G, such that 
for any m-admissible representation (V, tt) we have 

exp(.x)w = exp(7r(x))w , v E V . 

G is generated by the elements of (1) and (2). 

Call a g-module V f- admissible, if V is m-admissible, and n + acts locally nilpo- 
tent on V. 

Examples are the representations (L(A), n\), A G P + = P DC. 

Set nj := n Q eA+ S« ano ^ S/ := n~ © h © n/. The Lie bracket of g extends 
in the obvious way to a Lie bracket of gy. Every f-admissiblc g-module can be 
extended to a g^-module. The Lie algebra gy should be interpreted as the Lie 
algebra of the formal Kac-Moody group Gf = Gf(A), which can be character- 
ized in the following way: 

• The group Gf acts on every f-admissible representation. Two elements g, g' G 
Gf are equal if and only if for all f-admissible modules V, and for all v G V we 
have gv — g'v. 

• (3) Gf contains G. 

(4) For every x G n/ there exists an element exp(x) G Gf, such that for any 
f-admissible representation (V, n) we have 

exp(x)v = exp(Tr(x))v , v G V . 



8 



Gf is generated by G and the elements of (4). 

The g-module g/ is not f-admissible. Nevertheless Gf acts on g^, extending 
the adjoint action of G on g, compare [Q, Section 5.11. 

Both Kac-Moody groups act faithfully on (J) AeP + L(A). They have the following 
important structural properties: 

1) The elements of (1) induce an embedding of the torus H ®zF x into G C Gf. 
Its image is denoted by T. 

For a G A re the elements of (2) induce an embedding of (g Q , +) into G C G/. 
Its image C/ Q is called the root group belonging to a. 

Let a G A+ and x a G g Q , x_q, G g_ Q such that [a; a ,a;_ a ] = ft, a . There exists 
an injective homomorphism of groups <p a : SL(2, F) — > G with 

q j J := exp(sx Q ) , Q ( i ) := exp(sa;_ ct ) , (s GF X ) . 



2) Denote by TV the subgroup generated by T and n a 



1 

-1 



a G A re . The Weyl group W can be identified with the group N/T by the 
isomorphism k : W — > N/T, which is given by k((Tq) := n Q (l)T, a G A re . 
We denote an arbitrary element n G iV with K _1 (nT) = er G W by n„. The 
set of weights P(V) of an m-admissible g-module (V, 7r) is W-invariant, and 
n a V x = V aX , A G P(V). 

3) Let [Z^ 1 be the subgroups generated by U a , a G A^ e . Let Uf := exp(n/). 
Then and [// are normalized by T. Set 

B± := TkU* , Bf := T K Uf . 

The pairs (B^, N) are twinned BN-pairs of G with the property B + n 5~ = 
B±C\N = T. The pair AT) is a BN-pair of G/ with Bf ON — T. We have 
the following decompositions, called Bruhat and Birkhoff decompositions: 

G= \J B e aB s , G f = [j B £ aBf , e,5e { + ,-}. 

4) There are also Levi decompositions of the standard parabolic subgroups. In 
this paper we only use the corresponding decompositions for the groups 

and Uf. Set A J := A ± n T, jE J Za h and ( aJ ) ± : = A± \ T,jeJ Za o- Similarly 
define (Aj)± and (A J )± by replacing A ± by A±. Set (nj)± := © QeA ± g , 

( n /)./ : = ILeA + Sa> and ( n /) J : = riae(A^+ 8a- We have: 

tf* = Uf x (C/- / ) ± , ^ = (C/ / ) J k (f/^ 7 . 

Here Uf is the group generated by the root groups U a , a G (Aj)^ e . (U J ) ± is the 
smallest normal subgroup of U ± , containing the root groups U a , a G (A J )^ e . 
This group equals flcreW/ °~U ± (t~ 1 . Furthermore (Uf)j := exp((n/)j) and 
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(U f ) J := exp(( n/ ) J ). 

The derived minimal Kac-Moody group G 1 is identical with the Kac-Moody 
group as defined in |K,P 1 ]. It is generated by the root groups U a , a £ A re . 



We have G — G' xi T rest , where T rest := H rest ®z F is a subtorus of T. 
The group G/ is identical with the Kac-Moody group of |S]] for a simply con- 
nected minimal free realization. 

The monoid G: The category O is defined as follows: Its objects are the g- 
modules V, which have the properties: 

(1) V is h-diagonalizable with finite dimensional weight spaces. 

(2) There exist finitely many elements Ai, A m € h*, such that the set 
of weights P(V) of V is contained in the union D(Xi), where D(\i) :— 
{ A e h* | A < Ai }. 

The morphisms of O are the morphisms of g-modules. 

For V a module of O and v G V, we denote by supp(v) the set of weights of the 
nonzero weight space componsnts of v. 

A module of O is m-admissible if and only if it is f-admissible, and we call such 
a module admissible. We denote by O a dm the full subcategory of the category 
O, whose objects are admissible modules. 

There is a complete reducibility theorem. Every object of O a dm is isomorphic to 
a direct sum of the admissible irreducible highest weight modules L(A), A € P + . 

The set of weights of a module of O a( i m is contained in X n P, because we have 



|J P(A) = xnp 



AGP+ 

Let A E P + , and 8 be special. Because the set of weights P(A) is contained in 
the convex hull of WA C h(, we find easily 

P(A) n R(G) = if and only if A £ R(Q) . 
The monoid G can be characterized in the following way: 

• The monoid G acts on every module of O a dm- Two elements g,g' £ G are 
equal if and only if for all modules V of O a dm, and for all v € V, we have 
gv = gy. 

• (1) G is an extension of the minimal Kac-Moody group G. 

(2) For every face R of the Tits cone there exists an element e(R) £ G, such 
that for every module V of O a dm we have 

e(R)vx = { U A , v x ev x , \eP(V) . 

G is generated by G and the elements of (2). 

Note that the monoid G acts faithfully on the sum (J) AeP + ^(^)- 

The Chevalley involution * : G — * G is the involutive anti-isomorphism deter- 
mined by exp(x a )* := expfx* ), t* := £, e(R)* := e(R), where x a £ g a , a £ A re , 
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t £ T, and R G 

It is compatible with any nondegenerate symmetric contravariant form (( | )} 
on any module V of O a dm, i.e., ((xv \ w)) = ((v \ x*w)), v, w £ V, x £ G. 

The following formulas are useful for computations in G: 

• Let R, S be faces of the Tits cone, and n a £ N . Then 

e(R)e(S) = e(R n S) , n a e{R)n~ x = e(crR) . 

• An element g of T, N , U, U~ , resp. G satisfies 

e(R(Q))g = e(i?(9)) 

if and only if it satisfies 

g*e(R(Q)) = e(i?(6)) 

if and only if it is contained in T e , N e , U&, U e x(U eue± )-, resp. G e txU eue± . 
Here Tq is the subtorus of T generated by thj(s), j £ O, s £ F x , Nq is the 
subgroup of TV generated by T® and n aj , j £ 6, and Gq is the subgroup of G 
generated by , j £ 9. 

• An element g oi T, N , U, U~ , resp. G satisfies 

ffe (i?(6)).g- 1 = e(i?(6)) 
if and only if it is contained in the groups T, Nq u q±T, [/ eue i, C^Q Ugli , resp. 

• In particular we have 

Ue{R(e)) = U e ±e(R(Q)) = e(R(Q))U 9 ± , 
e(R(e))U- = e(R(e))U- ± = U^e(R(Q)) . 

The minimal Kac-Moody group G is the unit group of G. Every idempotent is 
G-conjugate to some idempotent e(i?(9)), 6 special. We have 

G = (j Ge(R(Q))G . 

special 

The Weyl group acts on the monoid (1Z(X) , n). The scmidirect product 
TZ(X) xi W consists of the set TZ(X) x W with the structure of a monoid given 
by 

(R,a) ■ (S,t) := (RHaS^ar) . 

For R £ TZ(X) let Z W (R) := { a £ W | crA = A for all A £ R } be the pointwise 
stabilizer of R. The Weyl monoid W is defined as the monoid 7^(X) xiW factored 
by the congruence relation 

(R,a) ~ (R',cr') R = R' and a 1 a^ 1 £ Z W {R) . 
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We denote the congruence class of (R, a) by e (R)a. 

Assigning to a G W the element a := ae(X) G W, the Weyl group W identifies 
with the unit group of W. The partition of W into W x W-orbits is given by 

W = [j Ws(R(Q))W . 

© special 

Assigning to e(R) G 7l(X) the element e (R) := e (R)l G W, the monoid 
(1Z(X) , fl ) embedds into W. Its image are the idempotents of W. 
For J C I denote by W' 7 the minimal coset representatives of W/Wj, and de- 
note by J W the minimal coset representatives of Wj\W. It is easy to see that 
there are the following uniquely determined normal forms of an element a G W: 

a = a x e (R(Q))<7 2 with 9 special , a x G W BijB± , <r 2 G e W . 
a = ne ( J R(6))r 2 with 9 special , n G W e , t 2 g eu6)i W . 

Let J C I. We call the submonoid Wj, which is generated by Wj and the 
elements e(i?(9)), C J special, a parabolic submonoid. Denote by J°° the 
union of all connected components of nonfinite type of J. We have 

Wj = |J Wjs(R) = |J Wje(R(E))Wj . 

RafaaofX 3 special 

R3H(J°°) HCJ°° 

We get an abelian submonoid of G by T :— UfleK(x)^ e (^)- We get a submonoid 
of G by TV := U fie7Z ^ x ^iVe(_R). Define a congruence relation on N as follows: 

n ~ ft : hT = n'T n G nT <=> h G h'T 

The Weyl monoid W is isomorphic to the monoid N/T, an isomorphism k : 
W N/T given by n(ae (R)) = n a e{R)T. 

G has Bruhat and Birkhoff decompositions: 

G = |j J7 £ nC/ 5 = |J B £ (jB 5 , e,S G { + ,-} • 

The coordinate ring of G, and the algebra of strongly regular func- 
tions: For a module V of O a dm, v, w G V, and (( | )) a nondegenerate sym- 
metric contravariant bilinear form on V, call the function : G — > F defined 
by fvw{x) :— ({v | iw)), x G G, a matrix coefficient of G. The set of all such 
matrix coefficients F [G] is an algebra. It is an integral domain, and admits a 
Peter- Weyl theorem: Equip F [G] with an action tt of G x G, and an involutive 
automorphism * by: 

/* x := f x* a ' J 1 J 
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For every A G P + fix a nondegenerate symmetric contravariant bilinear form 
on L(K). The map ©^eP+ L(A) ® L(A) — > F [G] induced byti®iui-» f vw is an 
isomorphism of G x G-modules. It identifies the direct sum of the switch maps 
of the factors with the involution. 

The monoids T, N, G are the Zariski closures of T, N, G, and G is the Zariski 
open dense unit group of G. 

The algebra of strongly regular functions ¥ [G] is obtained by restricting the 
functions of F [G] onto G. The restriction map is an isomorphism from F [G] to 
F [G]. 

Restricting the functions of F [G] onto G', resp. T rest gives the algebras F [G'], 
resp. F \T rest ] , the f irst identical with the algebra of strongly regular functions 
as defined in | K,P 2fl , the second the classical coordinate ring of the torus T rest . 
F [G] is isomorphic to F [G'] <S> F [T rest ], by the comorphism dual to the multi- 
plication map G' x T rest — * G . 

Substructures: For ^ J C / the submatrix Aj :— (aij)i,jej of A is a general- 
ized Cartan matrix. There exist saturated sublattices H(Aj) C H, P{Aj) C P 
with (hj)j£j C H(Aj), (ctj)j£j C P[Aj), giving a simply connected minimal 
free realization of Aj. We have P = P(Aj) © H(Aj)- 1 , and the projections of 
Aj, j G J, to P(Aj) are a system of fundamental dominant weights. 
The corresponding Kac-Moody algebra g(Aj) embeds in g. If we identify g(A,/) 
with its image, then the set of roots A(Aj) identifies with Aj := An^jgj Zoj, 
and the Weyl group W(Aj) identifies with the parabolic subgroup Wj. 
The face lattice of the Tits cone of Aj embeds onto a sublattice of the face 
lattice of the Tits cone of A, and the Weyl monoid W(Aj) identifies with the 
parabolic submonoid Wj. 

The minimal and formal Kac-Moody groups G(Aj), Gf(Aj), the monoid G(Aj) 
embed in G, Gf, G in the obvious way. 

The images of these embedding depend on the choice of the sublattice H(Aj), 
only Hj := 'L-span{ h j | j G J } is uniquely determined by Aj. Denote by G' 
the submonoid of G, which is generated by G' and the elements e(R), R a face 
of X. The images of g(A/)', G(Aj)' , Gf(Aj)', and G{Aj)' are independent of 
this choice, and denoted by gj, Gj, (G/)j, and Gj. 

An admissible irreducible highest weight module L(A) of g, equipped with a 
nondegenerate contravariant symmetric bilinear form, decomposes as a g(A/)- 
module into an orthogonal direct sum of admissible irreducible highest weight 
modules of g(Aj), which are h-invariant. In particular Lj(A) :— U(h1j)L(A)a 
is an admissible irreducible highest weight module of g(Aj), its highest weight 
given by the projection of A to P(Aj), (A G P + )- 

The coordinate rings ¥[G(Aj)'], ¥[G(Aj)'] identify with the restrictions of 
F[G], F[G] to Gj, Gj. (A similar statement for ¥[G(Aj)], ¥[G(Aj)} is not 
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valid.) 

To simplify the notation of many formulas, it is useful to set g := {0}, and 
G$ ■= G := (G/)0 := {1}. 

For M C G and J C I set Mj := M n Gj, and similarly for M C G/ set 
Mj:=Afn(G/)j. 

2 An easy algebraic geometric setting 

In this section we develop an easy algebraic geometric setting, which is useful 
to determine the F- valued points of the algebra of strongly regular functions. 



This section is a complement to [M 1], Section 3, but it can be read indepen- 



dently. The definition of a morphism in [M 1], Section 3, is more restrictive, 



because it has to preserve an extra structure, which we do not need here. 

We will consider certain nonempty sets A equipped with point separating alge- 
bras of functions F [A], which we call coordinate rings. 

The closed sets of the Zariski topology on such a set A are given by the zero 
sets of the functions of F [A] . Note that A is irreducible if and only if F [^4] is 
an integral domain. 

A morphism of sets with coordinate rings (A,¥ [^4]) and (B,¥ [B]) consists of a 
map cf> : A — > B, whose comorphism (j>* : F [B] — > F [A] exists. In particular a 
morphism is Zariski continuous. 

If (B,¥[B\) is a set with coordinate ring, and A is a nonempty subset of B, 
then we get a coordinate ring on A by restricting the functions of F [B] to A. 
If (A, F [A]) is a set with coordinate ring and / £ F [A] \ {0}, the principal open 
set Da(J) ■= { a G A \ f(a) ^ } is equipped with a coordinate ring by iden- 
tifying the localization F [A]j in the obvious way with an algebra of functions 
on Da(J)- If A is irreducible, then also Da{J) is irreducible. 
If (A, F [A]) and (B, F [B]) are sets with coordinate rings, then Ax B is equipped 
with a coordinate ring by identifying the tensor product F [A] <g> F [B] in the ob- 
vious way with an algebra of functions on A x B. If A and B are irreducible, 
then also A x B is irreducible. 

To construct the sets with coordinate rings, which we will use later, fix nondc- 
generate symmetric contravariant forms (( | )) on all modules L(A), A 6 P + , 
and extend to a form on AeP + £(A), also denoted by (( | )), by requiring 
L(A) and L(A') to be orthogonal for A ^ A'. For v,w £ L(A), A G P + , define 
a linear function 



f vw : End I L(A) j 
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by fvw(4>) ■= ((v | <pw)), where <p G End(Q) AeP+ L(A)). 
We equip the subalgebra 



gr-Adj := I G End I L(A) 
I \Agp+ 



The adjoint (f>* exists and 
0(i(A)) c L(A), AeP+. 



of the algebra of endomorphisms with the coordinate ring F [gr- Adj] , which is 
generated by the linear subspace 

span { f vw \gr-Adj | v, w G L(A) , A G P+ } 

of the linear dual of gr-Adj. This coordinate ring is isomorphic to the symmetric 
algebra in this subspace. 

The multiplication map is no morphism, but the left and right multiplications 
with elements of gr-Adj, and also the adjoint map * : gr-Adj — > gr-Adj are 
morphisms. 

For a set M C gr-Adj we denote by M its Zariski closure in gr-Adj. If M is a 
(^-invariant) submonoid of gr-Adj, then also M is a (*-invariant) submonoid. 
The left and right translations with elements of M (and the map * : M — > M) 
are morphisms. 

A function / € F [M] induces a function on Specm F [M] , assigning x € Specm F [M] 
the value x(f). In this way Specm F [M] is equipped with a coordinate ring iso- 
morphic to F [M] . Its Zariski topology coincides with the relative topology 
induced by the topology of the spectrum of F [M] . 

To investigate Specm F [M], we introduce two new monoids M, M* with coor- 
dinate rings. 

Equip the subalgebra 



'(i(A)) C L(A), A e P + 



gr-End := | 4> e Snd ^ L(A) J 

of the algebra of endomorphisms with the coordinate ring F [gr-End] generated 
by the linear subspace 

span { f vw \gr-End I v, w e L(A) , A e P+ } 

of the linear dual of gr-End, which is isomorphic to AeP + £(A) <E) L(A). This 
coordinate ring is isomorphic to the symmetric algebra in this subspace. The 
restriction of F [gr-End] to gr-Adj coincides with the coordinate ring of gr-Adj. 
The right multiplication with an element G gr-End is a morphism. We can 
guarantie the left multiplication 1$ to be a morphism, only if we restrict to 
4> G gr-Adj, because then we have 

fvw \gr-End ° l<t> = U'vw \gr-End for all V, W G L(A) , A G P + . 

For a set M C gr-End we denote by M its Zariski closure in gr-End. If M is a 
submonoid of gr-End, then M is not necessarily a submonoid of gr-End. But 
we have: 
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Proposition 2.1 If M is a submonoid of gr-Adj, then M is a submonoid of 
gr-End. 

Also the following proposition is easy to prove: 

Proposition 2.2 Let M be a submonoid of gr-Adj. For <p £ M* and ip £ M 

we get a homomorphism of algebras n((p, ip) : F [M] — > F [M] by 

n(<t>,i>)(fvw\M) ■= Uv^w\m , v,w £ L(A) , A £ P + . 
ir is an action ofW* x M on F [M] . 

Due to this proposition we get an action of M * x M on Specm F [M] from the 
right by 

a o 7r(0, V>) , where a e SpecmF [M] , <j> £ ~M* , i/»el . 

This is an action by morphisms of Specm F [M] . But in general the map (M* x 
M) x Specm F [M] — > Specm F [M] is no morphism. In general also the right 
translations of this map are no morphisms. 

The next Proposition, which is easy to prove, describes the part of SpecmF [M] 
obtained by applying M* x M to the evaluation map of F [M] in the unit of M. 

Proposition 2.3 Let M be a submonoid of gr-Adj. 

1) For 4> G M* and tp £ M we get a point a(<p, ip) £ SpecmF [M] by 

a((p,ip)(fvw \m) ■= {{<t>v | ipw)) for all v,w £ L(A) , A £ P + . 

If we equip M* x M with the right action on itself, then the map a : M* x M — ► 
SpecmF [M] is equivariant. Furthermore we have 

a(<j>,zip) = a(z*(j),ip) for all (f> £ M* , ip £ ~M , and z £ ~M . 

2) For every <fi £ M* the map a((f>, • ) : M — > SpecmF [M], which assigns tb the 
point a((f>,ip), is a morphism. The map a(l, •) is injective. 

For every ip £ M the map a(- ,ip) : M* — > SpecmF [M] which assigns <p the 
point a(4>,ip), is a morphism. The map a( - , 1) is injective. 

Remarks: 

1) We often say M* x M maps to F [M], without mentioning the map a. In 
general this map is no morphism. 

2) The maps {1} x M -> SpecmF [M], and M* x {1} — > SpecmF [M] are 
injective. But if M is nontrivial, then the map M* x M — > SpecmF [M] is not 
injective: 

Let ~ be the equivalence relation on M* x M generated by 

(z*x,y) ~ {x,zy) , z £ M . 
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Equip the quotient set, which we denote by M* XjjM, with the induced M* x in- 
action from the right. Then a factors to an equivariant map 

a : M* x w M -> SpecmF[M] . 

3) The map * : M — > M* is an isomophism. Its comorphism * : F [M*] — > F [M] 
is given by 

(jvwW*)* = Iwv\m for all v,wGL(A) , A G P + . 

We omit to state the easy compatibility conditions with the maps a, n, which 
correspond to F [M], and F [M*]. 

The properties stated in the second part of the last proposition arc sufficient 
to guarantie the irreducibility of certain orbits, belonging to the action of the 
product of a irreducible subgroup of M* and a irreducible subgroup of M. 

Theorem 2.4 Let M be a submonoid of gr-Adj, and x G M. Let D\ be an 

irreducible subgroup of M* , let D 2 be an irreducible subgroup of M . Then the 
D\ x D 2 -orbit of the element a(l,x) G SpecmF [M] is irreducible. 

Proof: Let Or be the D\ x D 2 -orbit of a(l,x), i.e., Or — a(Di,xD 2 ) = 
a(x*Di, D 2 ). Let A\ and A 2 be closed subsets of SpecmF[M], such that 
Or C Ai U A 2 . We have to show Or C A\ or Or C A 2 . 

Let di G D]_. Due to the last proposition the map j dl : D 2 — > SpecmF[M] 
defined by 7^1(^2) := a(a;*di, cfo), efe £ -D2, is a morphism. 
Similarly, for d 2 G D 2 , the map 5d 2 ■ D\ — > SpecmF [M] defined by Sd 2 (di) := 
a(di,xd 2 ), d\ G Di, is a morphism. 

Let rfi G D 1 . Because of 7d 1 (-D 2 ) C Or, we have 7j i 1 (A 1 ) U 7 di 1 (A 2 ) = L> 2 . 
Furthermore 7 dl 1 (^4i) and 7^ (A2) are closed. Because of the irreducibility of 
D 2 wc get 7 dl 1 Ui) = D 2 or 7- 1 (A 2 ) = D 2 . 
Therefore the sets 

Bi := { d 1 &D 1 I 7d - 1 (A 1 ) = J D 2 } , 
B 2 := { di G L>i I 7 dl 1 (A 2 ) = -D 2 } 

satisfy BiUB 2 = £ ) i. 

Note that for rfi G D\ and rf 2 G £>2 we have 7d 1 (d 2 ) = #d 2 (^i)- The set £?i is 
closed, because of 

B\ = { di G£>i I 7* (da) G Ai for all d 2 G £> 2 } - f| ^(^1) . 

d 2 eD 2 " * ' 
c/osea 

Similarly, the set B 2 is closed. Because of the irreducibility of Di we get B\ = D\ 
or B 2 = D\, which is equivalent to Or C A\ or Or C i 2 . 

□ 



17 



We have gr-Adj = gr-End. Due to Proposition 2.3 we get a map a : gr-End x 
gr-End —* Specm F [gr-Adj] . The following technical proposition, which follows 
immediately from the definition of the Zariski closures in gr-End, is very useful 
for determining such closures: 

Proposition 2.5 Let M be a submonoid of gr-Adj. We have: 

M = { <p £ gr-End | a(l, <fi) factors to a homomorphism F [M] — > F } . 
M* = { <j) £ gr-End | a(</>, 1) factors to a homomorphism F [M] — ► F } . 



The formal Kac-Moody group Gf acts faithfully on (J) AeP + L(A). We identify 
Gf with the corresponding subgroup of gr-End. Under this identification the 
minimal Kac-Moody group G C Gf is identified with a subgroup of gr-Adj, 
invariant under taking the adjoint. 

The results of this section can be applied to the F-valued points of the algebra 
of strongly regular functions F [G] , because the restriction of the coordinate ring 
F [gr-Adj] to G coincides with F [G]. 



Also the monoid G can be identified with a submonoid of gr-Adj. In [M 1|, 
Theorem 5.14, we showed G = G. In this paper we determine G. We show the 
bijectivity of the map a : G Xg G — > Specm F [G]. 

To prove its surjectivity, we use an induction over \J\, J C /, describing 
Specm F [Gj] . To prepare this proof, in the next two sections we first deter- 
mine the F-valued points of some other coordinate rings. 

3 The F-valued points of F [Tj], F [T], F \T rest \ (J C 
I) 

Recall that the torus T of the Kac-Moody group can be described by the fol- 
lowing isomorphism of groups: 

YhZi 1 hi® Si i ► YlfZi 1 thi (s%) 

The group algebra F [P] of the lattice P can be identified with the classical 
coordinate ring on T, identifying ^2 c\e\ € F [P] with the function on T, which 
is defined by 

)2n-l 
■■= n^) A(/i,) > ( s ^f x ) . 
A i=l 

We have similar descriptions for the tori Tj := | Y\, je jth j {sj) Sj S F x |, 
T rest , and its classical coordinate rings, replacing the lattices H, P by Hj, Pj := 
Z-span{ Aj | j £ J } or H rest , P r est '■= Z-span { A; | i = n + 1, . . . , In — I }, 
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(J CI), 



In JM 1| , Proposition 5.1, we determined the coordinate rings F [Tj] , F [T] and 



F [Trest]- They are in general only subalgebras of the classical coordinate rings 
of these tori: 

Theorem 3.1 Let J C /. Let pj : P —> Pj be the projection defined by 
PjW : = Y,je,i K h j)^j- We have: 

1) ¥[Tj] = ¥[ Pj (XnP)] . 

2) F [T] = F [X n P] . 

3) F [T rest ] = F [P rest ] . 



In [M 1|, Theorem 5.2, we described the relative closures of Tj, T and T rest in 



gr-Adj . In the same way, but replacing gr- Adj b y gr-End, we can determine the 



closures of Tj, T and T res ±. The proof of | M 1 ], Theorem 5.2, also shows, that 
{ 1 } x Tj , {1} xf , resp. {1} xT rest map bijectively to SpccmF [Tj], SpecmF [T], 
resp. SpecmF [T rest ]. Therefore we get: 

Theorem 3.2 Let J CI. 

1) We have Tj = Tj, and {1} x Tj maps bijectively to SpecmV [Tj]. 

2) We have T = T , and {1} x T maps bijectively to SpecmF [T]. 

3) T rest is closed, and {1} x T rest maps bijectively to SpecmF [T rest ]. 

4 The F- valued points of F [Uj] and F [U J ] (J C /) 

The coordinate ring of U has been described by Kac and Peterson in |K,P 2| , 
Lemma 4.3. From this Lemma follows immediately part 1) of the next theorem. 



Part 2) has been shown in M 1|, Theorem 5.6 



Theorem 4.1 Let J CI. 

1) LetAe Fi\j n P+, and v A S L(A) A \ {0} . Then: 

F [Uj] is a symmetric algebra in { f VA yv A \ V S } . 

2) Let N £ Fj n P+, and v N S L(N) N \ {0} . Then: 

F [U ] is as algebra generated by { f VN yv N \u J I V £ ( n ' 7 )~ } ■ 

Using these descriptions of the coordinate rings, it is possible to determine its 
F- valued points: 

Theorem 4.2 Let J CI . 

1) We have Uj = {Uf)j, and {1} x Uj maps bijectively to SpecmF [Uj]. 

2) We have U J — (Uf) J , and {1} x U J maps bijectively to SpecmF [U J ] . 

Proof of 1): The case J = is trivial. Let J be nonempty. We first show 
(Uf)j C Uj. The coordinate ring F [gr-End) is a symmetric algebra in the linear 
span of the functions f vw \ gr -End, v, w £ £(A), A G F + , which is isomorphic 
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to ©agp+ (8 L(A). We get a representation of the Lie algebra (n/)j, 
by assigning x G (n/)j the derivation 5 X : F [gr-iJnd] — > ¥ [gr-End], which is 
defined by 

8 x (fvw\gr-End) '■= fvxw\gr-End , V,W E L(A) , A G P + . 

The derivation d x is locally nilpotent, because x £ (n/)j acts locally nilpotent 
on L(A), A G P + . The homomorphism of algebras exp(5 x ) satisfies 

a(l, 1) o exp(5 x ) = a(l,exp(x)) . 

Let I(Uj) be th e va nishing ideal of Uj in F [gr-End]. Due to the last identity 
and Proposition 2.5, it is sufficient to show 5 X (I(Uj)) C I(Uj) for all x G (n/)j. 



Let / G I(Uj). Let x G g Q , a G (A,/)+ . For all u G [// and t G F we have 

= /(uexp(ta)) = f(u) + tS x (f)(u) + 0(t 2 ) . 

The right side is polynomial in t. Due to | F | = oo the coefficients of the powers 
of t vanish, and we find 8 x (f) G I(Uj). 

The elements x G g Q , a G (Aj)+ , generate nj. Therefore also S x (f) G I{Uj) 
for all a; G n,/. 

For an element v G ^(A), A G P + , there exist only finitely many roots a G A + 
with g Q u ^ {0}. Therefore for an element x G (n/)j there exists an element 
x G nj, depending on /, such that S x (f) = S x (f) G I(Uj). 

We have (Uf)j Q Uj, and {1} x Uj maps injectively to SpecmF [Uj]. To prove 
1), it remains to show that {1} x (Uf)j maps surjectively to SpecmF [Uj]. 
Let A G Fi\j n P + , and Va G L(A)a \ {0}. Due to the description of F [Uj] of 
the last theorem, it is sufficient to show, that for every linear map 

I : { fv A yv A \uj \ yen- } -> ¥ 

there exists an element (f> G (Uf)j with l(f VAyVA \uj) = 4>)(fv A yv A \uj) f° r 
all y G . 

Choose ( | )-dual bases of nj, nj, adopted to the root space decomposition: 



x ai e g a a G Aj , % = 1, . . . , m a 
Vpi G g_/3 /? G A+ , i = 1, . . . , rng 



such that (x ai \ ypj) = Sa^Sij 



We have (A | 0) > for all (3 G Aj. Define recursively elements bpj G F, 
j = 1, . . . , To/3, /? G Aj , as follows: 

bfn := (A\P){(v A \v A )) lif ^ M f ° r ht/3 = 1 ' 

Let /? G A j with ht > 1, and let & ai be defined for all i = 1, ... , m a , a G A ~t 
with hta < ht/3. Set: 



: = 777m 7T i T7 I K/«A » W «A ~ (( U A I e:E P( X! ) J/^Ua}} 



(A | /3) «« A | « A » 
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Next we show that we can take (j> — exp(^ ai b a iX a i). Let (3 £ A|. By expand- 
ing the exponential function we find for j = 1, . . . , m^: 

((VA | exp(^2 baiXai ) V^jVa)) = 

((vA\exp( 2J baiXai) VPjVA)) + ((va \ exp( baiXai) Uf3]V A)) ■ 

ht a < ht f3 ht a = ht 

Denote by ^ : h — > h* the linear isomorphism induced by the invariant bilinear 
form ( | ). Using \xp%,ypj\ — Sij we find that the second summand on 

the right side equals bpj (A | (3) ((va \ va))- After inserting the definition of bpj, 
the right side equals l(f VA y ej v A \u,)- 

□ 

To prepare the proof of 2), we first show two propositions: 

Proposition 4.3 Let A £ P + and J C I. Then (Uf) J fixes the points of 
U(nj)L(A) A . 

Proof: The case J = is obvious, let J ^ 0. If we fix an element v £ 
U(i1j)L(A)a, then for every element x £ (n/)" 7 , there exists an element x £ n J , 
such that exp(i)w = exp(x)v. Therefore it is sufficient to show, that every ele- 
ment x £ n J acts trivially on {7(iiJ)L(A)a- 
Let v\ £ L(A)a \ {0}. We show by induction over n £ Nq: 

n = : x va = for all x £ n J . 

n S N : xyx ■ ■ ■ y n VA = for all x £ n J , y u . . . , y n £ nJ . 

Clearly the statement for n — is valid. The induction step from n to n + 1 
follows from the equation 

xyiV2--- Vn+lVA = [x,y 1 ]y 2 --- y n +iv\ + Vi (xy 2 --- y n +iv\) , 
together with [n J ,nJ] C n J . 

□ 

Proposition 4.4 Let J £ L, and let A £ Fjy HF+, A £ Fj n P+. T/ie 
comorphism rn* : ¥ [U] — > F [£/./] ®F[J7' 7 ] , rfwa/ io i/ie multiplication map to : 
Uj x C/ J — > {/, is an isomorphism of algebras. Furthermore we have: 

m *(fv A yv A \u) = /uaSUaIi/j 8)1 ' . (1) 

m *(fv N yv N \u) = ^ ® fv N yv N \v' , V G (»" • ( 2 ) 



Proof: Due to [K,P 2], Lemma 4.2, F [[/] is a Hopf algebra. Therefore for 
/ € F [[/] there exist functions /i, <^ G F [U], i = 1, . . . , to, such that f(u\U2) = 
Y^iLi fi( u i)9i( u 2) for all ui,U2 £ U. Restricting to iti G f/j, «2 £ J/' 7 we get 
/ ° m = i /i \uj ® 5, |in G F [[/,] ® F [C/- 7 ]. 

m* is injective, because m is surjective. To show the surjectivity of to*, due to 
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Theorem 4.1, it is sufficient to show the equations ([!]) and (^). Due to the last 



J. 



proposition we find for all y G n , , and for all u\ G Uj, u 2 G U J C ([//) 

m*(f VAyVA \u)(ui,u 2 ) = ((va | uiu 2 yv A )} = ((«a | Uiyv A )) 
= ifv A yv A \uj ®l)(«i,u 2 ) . 

For j 6 J the ay-string of P{N) through the highest weight iV consists only of 
N, due to JV = (JjN. Therefore Gj is contained in the stabilizer of vn, and we 
find for y G (n J )~, and for all u% G Uj, u 2 G U J : 

m*(f VNyVN \ u )(u 1 ,u 2 ) = ({(ui)*v N | u 2 yv N )) = {{v N \u 2 yv N )) 

□ 



Proof of Theorem |4. 2| , 2): The case J = 7 is trivial. Let J ^ I. We first 

show ([//) J C TP: Let G (C//) J . We have {U f ) J C [// = T7 C g. Denote by 
a(l,(/>) : F [G] — > F the homomorphism of algebras corresponding to <j>. Denote 



by I(U J ) the vanishing ideal of U J in F[G]. Because of Proposition 2.5 it is 
sufficient to show that I{U J ) is contained in the kernel of a(l, 0). 
Let / G I(U J ). Due to the Peter and Weyl theorem / is of the form / = 
J2i fviwt \g- Because (j> is of the form = exp([\ a x a ), x a G (n J ) Q , a G (A J ) + , 
it is sufficient to show: 

o = ]T(^K» , (3) 

i 

= ^2((v i \x 1 ---x k w l )} for all xi, . . . , x k G n J , k G N . (4) 

i 

Equation (H|) follows because of 1 G U J . It is sufficient to show equation (H|) for 
a system of generators of n J . 

Define recursively a multibracket for elements of g: 

[x] := x , x G g , 
[xfe+i, a*, . . . , x\] := [xk+i, [xk, ■ ■ ■ , xi]] , Xi,...,Xk €g, kGN . 

By an easy induction, a multibracket of the form [y, x\, ... Xk] is a linear com- 
bination of multibrackets [x^ , . . . , Xi k , y], where (ii, . . . , i k ) is a permutation of 
(l,...,fc). 

n+ is generated by g Q , a G A+ = (Aj)+ U (A J )+ . We have n = nj © n J and 
[nj, n J ] C n J . All multibrackets with all elements in g Q , a G (Aj)+ e are in nj, 
all multibrackets with an element in g^, f3 G (A J )+ e are in n J . Therefore n J 
is generated by all multibrackets, which contain an element in gg, /3 G (A J )+ . 
By the remark of above it is sufficient to consider the multibrackets 

[ X lm 1 ' ' ' , X ll I Xj g ] 
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with x lt G g 7 ., i = 0, . . . ,m, and 71, • . . , 7» 6 A+ , 70 G (A J )+ , to g N. 
[7 J is normal in £/. Therefore for to, . . . , t m G F we have 

u(im, ■ • • j ti) to) := 

exp(t m x~/ m ) ■ ■ ■ exp(iix 7l )exp(tox 7o ) exp(— t\x 11 ) ■ ■ ■ exp(— t m x lm ) G . 

We consider a product p of fc factors of such expressions in different variables. 
To simplify our notation, we only write down a factor in the middle of p: 

p = ■ ■ ■ u(t m , . . . ,h,t ) ■ ■ ■ where . . . , t m , . . . , t%, t , . . . e F . 

Because of p G U J we get 

= f(p) = ^ {(Vi \ ■■■ u(t m , . . . , ti, t ) • ■ • Wj)) . 

i 

Because the root vectors belonging to real roots act locally nilpotent, the right 
side is polynomial in • • • to, ti, . . . , t m ■ ■ ■ . Because of |F| = 00 the coefficients 
of the monomials are zero. In particular for the monomial ■ ■ • t m ■ ■ ■ t\to ■ ■ ■ we 
find 

2J ((Vi I ' ■ ' Km >•••!%!> £70] ' • ■ w i)) = ■ 
i 

Now we show (Uf) J 3 U J : Let u G U J . Denote by a the map U~ x U — > 

SpecmF[C7], and by a the maps UjxU]^> Specm F [[//] , (J7 J )" x ?7 J — > 
SpecmF [f/ J ]. Using the last proposition and its notation, and 1), there exists 
an element u 6 Uf such that 

a(l,u) = (5(1,1) ® u)) o m* . (5) 

Write u in the form uju J with uj 6 (Uf)j, u J 6 (Uf) J . Choose elements 
A G Fj\j n P + and «a g ^(A)a \ {0}, and apply the left and right sides of the 
last equation to the elements f VA yVA \ y £ n j . Using equation ([!]) of the last 
proposition we get 

((v A I uju J yv A )) = ((v A \ yv A )) for all y G nj . 



Due to Proposition 4.3 the left side is equal to {{v A \ ujyv A )). Using Theorem 
4.1, 1), and 1) we conclude uj = 1. 

Insert u — u J in equation @. Choose elements N G Fj fl P + and ujv G 
^(A^) ;v \ {0}, and apply the left and right sides of (||) to the elements f VN yVN \u, 
y G (n J ) _ . Using equation (||) of the last proposition we find 

((v N I u J yv N )) = ((v N I uyv N )) for all y G (n J )~ ■ 



We have 1, u J G {Uf) J C U J . Using Theorem 4.1, 2) we conclude a(l,u ) — 
5(1, u), from which follows u — u J € (U /) J . 

□ 
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5 The F- valued points of F [G] and the Birkhoff 
decomposition 

Let J C I. Define the following subsets of gr-End: 

G f := GU f = (J U±nU f , 

n£JV 

{G f )j := Gj(U f )j = \J ^(^J ■ 

We call the unions on the right the Bruhat and Birkhoff coverings. During our 
investigation of SpecmF [G], we will find, that Gf is a monoid, and the Bruhat 
and Birkhoff coverings are really decompositions. Similar things hold for (G/),/. 

The monoid G contains G, as well as the closures T — T and U — Uf. Therefore 



it also contains Gf, and due to Proposition |2.3| we have: 

GfxGf maps to SpecmF [G] . (6) 

Similarly we get: 

(G})j x (Gf )j maps to SpecmF [Gj] . (7) 

Our first aim is to show the surjectivity of (^). The key step of the proof is 
an induction over |J|, showing the surjectivity of (^). The next two theorems 
prepare the induction step. They relate SpecmF [Gj] to SpecmF [Gj\ j € 
J. 

For A G P + choose a nonzero element v\ G L(A)\ and define 

8a := J VA , A lG u G F[G] . (8) 

The function 9\ is independent of the chosen element v\, and the chosen non- 
degenerate contravariant symmetric bilinear form on L(A). Set 9i := 9^, 
i = 1, . . . , n. 



Kac and Peterson showed in [K,P 2] by checking on the dense principal open 
set U'TU+ of G: 



7 A U A' — &A+A' 



for all A, A'eP+ . (9) 



The next theorem gives a covering of SpecmF [Gj] by principal open sets, which 
are build with these functions. A variant of t his covering for the full spectrum 



of F [G] has been given by Kashiwara in [KasJ, Proposition 6.3.1. 

Denote the action of Gj x Gj on F [Gj] , which is induced by the action it of 

G x G on F [G], also by tt. Write 9a instead of 9a \gj f° r short. 
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Theorem 5.1 Let ^ J C I. We have 

U IJ D Specm¥[Gj] (7r(g,h)9 J ) 
g.heGj jeJ 

Specm ¥ [Gj] if J is not special . 

( Specm ¥ [Gj] ) \ { a(l, e(R(J))) } if J is special . 

Proof: Suppose there exists an element a G Specm F [Gj] not contained in the 
union on the left. Then for all e Gj and j G J we have a(ir(g, h)0j) = 0. 
Here a o ir(g, h) is a homomorphism of algebras. Because of the multiplicative 
property (g) we find a( Tr(g 1 h)9\ ) = for all g,h <E Gj and A e Pj~ \ {0}, where 
Pj := Pj n P+ = No-span { A 3 - | j e J }. 

Now Lj(A) :— U(n' J )L(A)\ is an irreducible G,/-module, A G P^ . Since 
GjL(A)a spans Lj(A), we find a( f vw \ g ,) = for all u,w G Lj(A), A G 



Pj \ {0}. Due to Theorem 5.12 of | M l| this is impossible if J is not special, 
and a = a(l, e(i?( J))) if J is special. 

□ 

The principal open subsets, which have been used in the covering of Specm F [Gj] , 
can be obtained by 

D SpecmW[Gj]{^{9,h)6j) = ( Specm F [ D Gj (%(g, h)6j) ] ) | F [Gj] . 

The next theorem gives a product decomposition of the principal open sets 
Dcj(0j), j G J. (Set L = J \ {j} and A = A 7 -, j G J). It can be proved in 



the same way as Theorem 5.11 a), and b) in [M 1]. A decomposition of the 
coordinate rings analogous to the second part of b) has been given in [Kas|, 
Lemma 5.3.4 and 5.3.5. 

Theorem 5.2 Let L C J c I. Set {Uf) L := f| CT e Wl <rllf a^ 1 . For A G 
Pj H Fh we have: 

a) D Gj {6 K ) = (UJ) L G L T AL (U+) L . 

b) The multiplication map 

m: (UJ) L xG L xT AL x(U+) L -» D Gj (6 A ) 
zs bijective, and its comorphism 

m*: ¥[D Gj (0a)} -» F [(C/,7) L ] ® F [G L ] ® F [P, AL ] ® F [{U+) L ] 
exists, and is an isomorphism of algebras. 

Theorem 5.3 Let J C L. Then (Gf)jx(Gf)j maps surjectively to Specm¥ [Gj]. 

Proof: We show the surjectivity by induction over \J\. The case J = is 
trivial. For J = {j} the map {1} x G^j — > Specm F [Gyy] is already surjective, 
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because {G {j} ,¥[G {j} }) can be identified with (<SX(2, ¥),¥ [SL(2, ¥)]). 

Now the step of the induction from | J| < m to \ J\ = m + 1, (1 < m < \I\): 
Let j G J. Due to the induction assumption we have a surjective map 

&: (Gf)j\{j}*( G f)j\{j} -> SpecmF [G A{j} ] . 

Because F [P{j}] is the classical coordinate ring of the torus, we get a bijective 
map 

a:{l}xT {j) -> SpecmF[P {i} ] . 

L^=, F [J7±], and (Cy>)j can be identified with U{A J ) ± , F [Z7( J 4 J ) ± ], and U{Aj) f . 
Due to Theorem 4.2, Proposition 2.3, and Remark 3) after Proposition |2.3| , we 
have bijective maps 

a : {1} x (([//)j) Ab} -» SpccmF [([/,/) J \^>] , 
« : x {!} -> SpecmF[(C/7) J \b'}] . 

Due to the last theorem an element j3 G Specm¥ [Dqj (6 j)] can be written in 
the form 

ft = ( a(u, 1) ® 5(a;, y) <8> 5(1, i) ® 5(1, w) ) o m* 
with u,u £ ((U f )j) J \W, t G T {i} , and x,y (£ {G}) A{j} . 

Let JV e P+. Choose (( | ))-dual bases of L(iV), by choosing (( | ))-dual 
bases 

( ^Xi ) i— l,...,rri\ 5 ( ^Az ) i— l,...,m>, 

of L(N)a for every A G P(iV). Let t> G L(N)\, w G i(AT) M . By applying m* to 
/™ |gj we find 

m*(f vw \gj) 

Y f m x'i l(I7J)A«} ®/cx'«Vj Ig./\ {j} ® V(^)A 3 ®/ Vj w l(C/. 7 )-AO} 

(A 7 , i) , A'>A 

1 i) 1 /*' >^ 

This sum is finite, due to P(iV) CJV- Qq . By applying /3 to / ra |g ; we get 

/?(/vu> Ig.,) = ^ uv I flA ' 4 ^ (( xc A'-> I y*Vi)) ((vj I Sw )> 

(A', i) , A'>A 

= {(xuv j ytuw)) . 

In particular for w G U{p.j)L(N) N n L(iV) A , u> G U(rij)L(N) N n L(JV) M we 
have 

/3(/™|gj) = {{xuv \ ytuw)) = a(xu,ytu)(f vw \ Gj ) . 
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Here a denotes the map (G/)j x (G/)j — > SpecmF [Gj] due to (R). Because 
F [Gj] is already spanned by the functions f vw \gj, v,w G U(iIj)L(N)n , iV G 
Pj = Pj n P + , we conclude /3| F [ Gj ]= a(xu,ytu) £ SpecmF [Gj]. 

It is easy to check that for g, h G Gj we have 

( Specm F[P G >( 5 ,/i)#,)]) If [ Gj ] = ( Specm F [D Gj (6 3 )] ) | F [Gj] o^g- 1 ,^ 1 

Because of Theorem |5.l| , and because of the equation a(a, b) o7r(c, d) = a(ac,bd), 
we get 

|J U { aixug-'^tuh- 1 ) | x,ye (G f ) A{j} , «,u e ((^/)j) A{j} , * G T {j} 
g,heGj jeJ 

J Specm F [Gj] if J is not special . 

\ SpecmF [Gj] \ { a(l, e(P( J))) } if J is special . 

Using the Bruhat covering of (G/)j, the Bruhat decompositions of (G/)j and 
Gj, we find 

(G})j C (G f )j(G f )j = UjNj{Uf)j{G f )j = UjNjUjNj(U f )j 
= Gj(U f )j = (G f )j . 

From this follows (Gf) j\{j}T {j} ((U f )j) J \^Gj C (G})j for all j G J. Fur- 
thermore, if J is special, then e(R(J)) G (G/)j. Therefore the map a : 
(G/)j x (G/)j — > SpecmF [Gj] is surjective. 

□ 



Corollary 5.4 G/ x G/ maps surjectively to SpecmF [G]. 

Proof: Let m : Gj x T rest — > G be the multiplication map, and m* : F [G] — > 
F [Gj] <S>F [Trest] its co mor phism. Due to the bijectivity of to*, and due the last 
theorem and Theorem 3.2, 3), the elements of SpecmF [G] are given by 

{a(x, y) ® i)) o m* , 

where x,y G (G/)j and i G T res t- Applying this expression to the matrix 
coefficients f vw \g, v G L(A)\, w G i(A) M , A, /x G P(A), A G P + , we find 

(a(a;,y)(8a(l,i))(TO*(/ t , w |G)) = (a(x, y) <g> a(l, *)) (/„«, |gi ® e M | Trest ) 

= ((xu | yw)) e M (t) = a(x,yt)(f vw \ G ) . 

Here a denotes the map GfxGf — > SpecmF [G] due to (||). Therefore SpecmF [G] 
| a(x,y) | x G (G/)j , y G (G/)jT res t j, in particular a is surjective. 

□ 

The next theorem gives one of the main results of this paper: A description of 
the G} x G} -set SpecmF [G]. 
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Theorem 5.5 

1) We have G = G and G = Gf. In particular Gf is a monoid. 

2) The map G x-qG — ► SpecmW [G] is a G x G-equivariant bijection. 



Proof: The first equation of 1) has been shown in [Ml], Theorem 5.14. To 
prepare the proof of the rest of the theorem, we first show the following state- 
ments a) - d): 

a) We show ~B~ C IF: For A e P+ and AeP(A) define 

M eP(A)n(A-Q+) 
Since L{A)\i is B~ -invariant, we have 

{{w\B~v)) = for all v e L(A) xl , w € (L(A) xl ) ± . 

These equations are also valid, if B~ is replaced by its Zariski closure B~ , and 
due to the orthogonality of the weight spaces we have (L(A)\i) ± ~ L = L(A)\i- 

Therefore L(A)ax is also B~ -invariant. 

Let b 6 B~ . Choose a pair of (( | ))-dual bases of L(A), by choosing (( | }}- 
dual bases 

( a Xi ) i=l,...,m\ i (C\i) i=l,...,m x 

of L(A)\ for every A 6 P(A). For a fixed weight /.i 6 P(A) we have 

at most for the finitely many weights // £ P(A) with /i' > p,. Therefore we get 
a well defined linear map ip^ by 

^ : =EE 4i' <« i bc U')) (( c % i v )) . «e ^(A) ■ 

These maps ipA, A E P + , define an element ip of gr-End. It is easy to check, 
that ip is the adjoint of b. Therefore b € B~ Pi gr-Adj = B~ . 

b) Let ip £~G, b £B~ with a(l,^>) = a(6, 1). We show 

b, i> €G and ip* = b . 



Due to the second part of Proposition 2.5, the homomorphism 1) = a(l, "0) 
factors to a homomorphism F — > F. Due to the first part of Proposition 
2.5, and part a) of above, we find 

V>e£Fc£FcG = GC gr-Adj . 
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By checking on the matrix coefficients, using the non-degeneracy of the con- 
travariant bilinear forms, we find ip* = b. 

c) Let g,h £ Gf and x,y,x,y £ G. By checking on the matrix coefficients we 
find: 

a{xg,yh) = a(x,y) ^=> a(x,y) = aixg- 1 , yh^ 1 ) . 

d) We show SpecmF [G] = a(Uf, NU /) : Due to the last corollary, every element 
of SpecmF [G] is of the form a(ip ,ip) with ip,^> £ Gf. Due to the Birkhoff 
covering of Gf, we can write ip, ip in the form 

ip — U-n a e{R)u + . _ TT _ _ _ 

r _ _ ;f.:_ with u-, w_ £ u , u + ,u + eUf , n a ,na&N . 

ip = U-nae(R)u + 

From this follows: 

(V', V 1 ) ~ (u + , e(R)n^u*_U-hae(R)u + ) . 

Due to the Birkhoff decomposition of G, we can write e(R)n^u*_u-h 5 e(R) in 
the form u'_h'u' + with n' £ TV, w' ± £ U ± . We get 

- ((u'_)*u+, n'u' + u+) . 

Therefore a(ip, ip) = a{(u'_)*u + , fi'u' + u + ). 
Now we can prove the theorem: 

To 1) To show G — Gf, it is sufficient to show G C Gf. Let <E G. Then due 
to d) there exist elements u,u £ [//, e(R)n a £ iV such that 

a(l,0) = a{u , e{R)n cr u) . 

Using c) this is equivalent to 

a(l, ^{n^u)^ 1 ) = a(e(R)u,l) . 

The monoid B contains T and Uf. Therefore e(R)u £ TUf C £?, and due to b) 
we get £ Gn a u C G/. 

To 2) Due to the last corollary, we only have to show the injectivity in 2). Due 
to the proof of d), we may start with elements u, u £ Uf, g,g £ iVL// such that 

a(e(R)u,g) = a(e{R)u,g) . 

Using c) this equation is equivalent to 

a{e{R)uu~ 1 ,1) = a{l,e{R)gg~ 1 ) . 
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Due to b) we find e(R)uu 1 G G and (e(R)uu 1 )* = e(R)gg 1 . From this 
follows 

(e(R)u,g) = ((eiRjuu-^u, g) ~ ( u , (e( J R)mT 1 )*<? ) = (u.e(fl)fl) 
~ (e(R)u, g) . 

□ 

The group [// x {// acts on Specm F [G] . The corresponding partition into orbits 
is described by the Birkhoff decomposition in the following theorem: 

Theorem 5.6 

1 ) There are the following Bruhat- and Birkhoff decompositions of Gf: 

G f = |j l^hUf . 

neN 

2) There is the following Birkhoff decomposition of SpecmW [G]: 

Specm¥[G] = (j a(U f ,hU f ) . 

fieN 

Proof: Due to the Bruhat and Birkhoff coverings of Gf and part d) of the proof 

of the last theorem, we only have to show that these unions are disjoint. 

a) First we do this for 2). Suppose there exist elements m, U2, Ui, Ui G Uf such 

that 

a(ui,n a e(R)u2) = a(ui,n&e(R)u2) ■ 

Using part c) of the proof of the last theorem, we find for all v,w G L(A), 
A G P+: 

((v | n a e(R)w)) = ((fii(ui) _1 v \ n^R^^^w)) . (10) 

Fix an element A G P+ with P(A) n X \ R ^ 0. Fix elements fj, G P(A) n X \ R 
and Wfj, G L(A) I1 \ {0}. By inserting w = in the last equation we find 

= «w | e^R^M" 1 ^)) for all i G L(A) . 

Because of U2(«2) _1 G ?// we find ^ G X\R. 

Since Uagp+ p ( A ) = X n p this shows (X \R) D P C (X \R) 11 P, from which 
follows R D R. We may interchange the variables with and without ~ and get 
R = R. 

Fix an element A e P + with P(A) n i? 7^ 0. Fix elements fi G i? n P(A) and 
w,, G L(A) l _ l \ {0}. Because of «2(u2) _1 EUf we have 

cr /i G supp(nae(R)u2(u2y 1 w fJi ) . 
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Choose a maximal weight m of supp{h^e{R)u2(u2) 1 w fJl ) with m > <r/i. By 
inserting to = in equation flO|), using {ti(ui) -1 € [//, we find 



((«mk^)) = ((«m I n ff e(i2){t 2 («2) for all u m G Z(A) m .(11) 

Because (( | )) is nondegenerate on L(A) m , there exists an element v m , such 
that the right side is nonzero. Therfore er/i = m > afx. Interchanging the 
variables with and without ~ gives cr/i = afi = to. 
Inserting to = cr/i in (11), and using £12(^2) G [//, we find 

((v | rio-Wfj,)) = ((v | nsw M )) for all u G L(A) m = ^(A)^ = L(A) ?M . 

Because of the orthogonality of the weight spaces, this equation is also valid for 
all v e L(A). 
This shows 

{(v | n (T e(i?)w)} = ((« | h 5 e(R)w)) for all u, w £ L(A) , A e P + . 
Therefore we get n a e{R) — n^e{R) — n&e(R). 

b) The Birkhoff decomposition of G/ follows from 2), by using the embedding 

of Gf in SpecmF[G]. Suppose there exist elements u\,ui G U~ , U2,U2 £ Pf 
such that 

(ui)*n a e(R)u2 = (ui)*h a e(R)u 2 ■ 

From this equation follows equation (]lfj|), and as in part a) of the proof we can 
deduce R = R. Also similar as in part a), but now using a minimal weight m 
of supp(n^e{R)u2{u2)~ 1 w tl ) with m < a/j,, we find n a e(R) — fi^e{R). 

□ 



6 The stratification of the spectrum of F- valued 
points of ¥[G] in Gf x C/-orbits 

In this section, we show that the Gf x G/-orbits of SpecmF[G] are locally 
closed, irreducible, and in one to one correspondence with the finitely many 
special subsets of /. The closure relation is given by the inverse inclusion of the 
special sets. We give a countable covering of each orbit by big cells. We show 
that there exist stratified transversal slices to the orbits at any of their points. 

To cut short our notation, we denote by xoy the image of (x,y) £ Gf x Gf 
under the surjective map a : Gf x Gf — ► SpecmF [G]. We make use of this map 
as a parametrization of SpecmF [G]. 

Recall that we have xozy = z*xoy, x,y G Gf, z G G. Recall that Gf x Gf 
acts on SpecmF [G] by morphisms from the right, i.e., 

(xoy)(x,y) = xioyy , x,y,x,yeG f . 



31 



The Chevalley involution of F [G] induces an involutive morphism * on SpecmF [G], 
which we also call Chevalley involution. It is given by the switch map: 

{xoy)* = yox , x,y G G f . 

In this section we also denote by f vw the function on Specm F [G] , induced by 
the matrix coefficient f vw \g G F [G]. It is given by 

fvw(xoy) = ((xv\yw)) , x,yeG f . 
For a set M C SpecmF [G] denote by M its Zariski closure. Note, that for a 



subset iCGwe have loA C loA. Similarly, for a subset A C Gf, we have 



loA C XoA. These formulas are useful to determine closures in SpecmF [G]. 
Theorem 6.1 1) The partition of SpecmF [G] in Gf x Gf -orbits is given by 

Specm F [G] = (j G f oe(R(E))G f . (12) 

S special 

2) Let be special. The orbit G / O e(R(Q))G f is locally closed and irreducible. 
Its closure is given by 

|J G f oe(R(E))Gf . (13) 

H special , HD0 

Proof: a) We first decompose the Gt X G/-orbit Gf o e(R(Q))G / in a union of 
Uf x [fy-orbits, i.e., we show 

G f oe(R(Q))Gf = \J U f o(aT)U f . (14) 

ct e We(R(&))W 

By using the Birkhoff decomposition of Gf, and Proposition 2.14, Theorem 2.15 
b) of [ M l| , compare also the section preliminaries, we get 

G f oe(R(e))G f = U-NUfOe(R(0))G f = U f oNUe(R(Q))G f 
= |J UfOe(aR(0))G f . 

Because Wq u q± is the stabilizer of the face R(Q) as a whole, we may restrict 
the last union to the minimal coset representatives VV eue of W/Wq u q±, 
characterized by W 0U0± = { a eW\ act, E A+ for alii G 6 U 6^ }. Next 
we insert in Uf oe(aR(<d))G f the B irkhoff decomposition Gf = (aU~o-~ 1 )NUf. 
By using Proposition 2.14 of | M 1 |, compare the section preliminaries, we get 

|J UfOaU-^eioRmrBf = |J U f oe(aR(Q))rB f 

o-gyyeue- 1 - ,tEW ^ ' aeW 0ue± , reW 
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Since U<revv euei rew £ { a R{®)) T — W £ (i?(0)) W, we have shown the equality 
in (fil|). The disjointness of the union follows from the Birkhoff decomposition 
of SpecmF[G]. 

Taking into account the the partition W = (J e sp We (i?(0)) W, part 1) of the 
theorem follows from ([H]) the Birkhoff decomposition of Specm F [G] . 

b) Next we show that the union (J s sp SDe G f o e(R(E))G / is closed, i.e., we 
show that it is the common zero set of the functions 

f vw , v,wGL(A) , AeP + \Fb ■ 

Due to part 1), every element of SpecmF[G] is of the form goe(i?(S))/i with 
g, h £ Gf, 5 special. The equations 

= f vw (goe(R(E))h) = {(gv \ e(R(E))hw)) for all «, w e L(A) , A e P + \ 

are equivalent to 

e(R(E))L(A) = {0} for all A e P+ \7£ = P + \R(Q) . 

Recall that for an element A e P + we have P(A) n -R(S) = if and only if 
A ^ -R(S). Therefore these equations are equivalent to A G P + \ F~, for all 
A e P + \ Fq. This is equivalent to P + \ ~Fq C P+ \ TU, which in turn is 
equivalent to 8 C S. 

c) The closure of the Gf x G/-orbit G / o e(R(Q))G / is a union of G/ x G/-orbits. 
Due to b) it is contained in (J s SJ9 HDe G f o e(R(E))G f . To show equality, it is 
sufficient to show, that the closure contains the elements loe(R(E)), S36,S 
special. 

Because left multiplications with elements of G are Zariski continuous on G, we 
find 

e{R{Q))G = e(R(Q))G C e(i?(9))G . 
Therefore we get 

loe(i?(6))G C loe(R(&))Gf C Gjoe{R{Q))Gj . 

Now e(i?(0))G contains for every S39,H special, the element e(i?,(9))e(i?(S)) = 
e(J*(0)nii(S))= e (JJ(3)). 

d) If G is the biggest special set with respect to the inclusion, then the orbit 
GfOe(R(Q))Gf is closed due to c). 

If is not the biggest special set, then due to c) we find 

G f *e(R(Q))Gf = G f oe(R(e))G f \ \J G f oe(R(E))G f . 

There are only finitely many special sets. Therefore G/ oe(i?(0))G/ is locally 
closed. 

e) The algebra of strongly regular functions F [G] is an integral domain. There- 
fore every subset of G = G/, which contains G, is irreducible. In particular G/ 
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is irreducible. From Theorem 2.4 follows, that the G/ x G/-orbits of SpecmF [G] 
are irreducible. 

□ 

Our next aim is to define and describe big cells of every Gt x G/-orbit of 
Specm F [G] . As a preparation we first determine certain principal open sets of 
SpecmF [G]. 

Recall that 9 a denotes the function defined by #a := {(va\v a )) /"Am where 
v\ G L(A)a \ {0}, A G P + . Recall the multiplicative property 6*a#a' = @A+A', 
A,A'gP+. 

Theorem 6.2 Let O be special. The principal open subset of SpecmF [G] asso- 
ciated with 9a, A G Fe fl P, is given by 

|j U f o(aT)U f . (15) 
o-GWe 

This set, as well as its coordinate ring as a principal open set, is independent 
of the chosen element A G F@ (~l P. 

We denote this principal open set by -D(O), and its coordinate ring as a principal 
open set by F[£>(0)]. 

Proof: a) We first show that the principal open set of 9 a is given by ( |l5| ) : Due 
to the Birkhoff decomposition, every element of Specm F [G] can be written 
in the form uon a e(R)u, with u,u G Uf, n a G N, and R & face of X. Let 
v A G L(A) A \ {0}. We find 

n , a , ,T3\~\ ((uva \ n a e(R)v,VA)) ((v A \ n a e(R)vA}} 
^ 9 A (uon a e(R)u) = : (- = 

if and only if A G R and oA = A. Because A is an interior point of the face 
i?(0), the first condition is equivalent to R(Q) C R. The second condition is 
equivalent to a G We- 
Because of 



W e = (j W e e (5) 



SDH(9) 



we get ere (i?) G We ■ We also find that for every a G We we have [// o aTU / C 
£>(«a). 



b) Clearly ( |15[ ) does not depend on A G Fe fl P. To show that the coordinate 
rings of the principal open sets are independent of A G Fe H P, we only have to 
show, that for any N, N' G Fe H P there exists a function / of the coordinate 
ring of Specm F [G] , and an integer n G N, such that 

/ 1 



7JVJ PAT' 
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Because Fq is open in the linear span of Fq , there exists an integer neN, such 
that N - iJV' G F @ . Since F is a cone, we find nN - N' £ F e n P. The 
function / = 9 n N-N' satisfies equation ([l6|). 

□ 

Let 6 be special. We call the set BC(Q) := U f oe(R(B))TU f , as well as 
every translate U/g o e(R(Q))TUfh, where g,h £ G/, a big cell of the orbit 
Gf o e(i?(0))G / . This name is justified by the following three theorems. 

Theorem 6.3 Let be special. The big cell BC(Q) is principal open in the 
closure ofGf oe(i?(0))G/, i.e., 



BC(Q) = G f oe(R(Q))G f r\D(Q) . (17) 

XTie big cell £>G(0) is dense in the closure of G / o e(i?(0))G f . 

Proof: a) We first show formula (|l7j). Due to the Birkhoff decomposition of 
SpecmF [G], and the formulas @r|j), and (|i~5|), we only have to show 

{e{R(Q))} = |J We(fl(S))W n We . 

S sp. ,HD0 

Because of We = Uss P see ^© e (-^(^)) We, the intersection on the right 
equals We£(fl(6)) We- Since We is the pointwise stabilizer of R(<d), its 
elements fix e(R(Q)). Therefore this intersection contains only the element 
e(R(Q)). 



b) Due to Theorem 6.1 the orbit G/ oe(i?(9))G/ is irreducible. Therefore 
also its closure is irreducible. Because the big cell is open in the closure, and 
nonempty, it is dense. 

□ 

Let be special. We equip the big cell BC(<3) with its coordinate ring F [BC(Q)] 
as a principal open set in the closure of G / o e(R(Q))G / . 

Set T e := T A0 T rest . Set P e := Z-span { A* | i = 1, . . . , 2rc - /, i $ 6 }, and 

identify the group algebra F [P e ] with the classical coordinate ring of the torus 
ye 

Note that due to Theorem [4.2| the coordinate ring F [Uf] is isomorphic to F [U e ] 
by the restriction map. 

Theorem 6.4 Let O be special. We get an isomorphism 
m : Uf x T e xUf -> BC(Q) 
by m(u, t,u) := uo e(R(Q))tu, where u, u £ Uf and t £ T e . 



Proof: a) First we show, that m is surjective: Due to [Ml], Proposition 2.13, 
compare the section preliminaries, we have e(i?(0))Te = e(R(Q)). Because of 
T = T e T e we get e(R(G))T = e(R(O))T . 

Due to the same proposition we also have e(i?(9))C/e = e(i?(0)). Left and 
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right multiplications with elements o f G — G are Zariski continuous onG = G/. 
Therefore we get by using Theorem 4.2 : 



e(iJ(e))(C7» e = e(R(Q))U e C e(P(6))[/ e = {e(P(6))} = {e(P(6))} . 

Because of U f = ([/ / ) e tx (P/) 6 we find e{R{@))U f = e{R{Q))(U f ) e . 
Because of these formulas, and because T is abelian, we get: 

U f oe(R(e))TU f = U f oe(R(G))T e (U f f = e(R(G))U f oT e (U f f 
= (U f foe(R(Q))T & (U f f . 

b) Next we show that the comorphism m* : F [BC(Q)] -> F [Uf] ® F [P e ] <g> 
F [Uf] is well defined and surjective: For A £ P+ choose (( | })-dual bases of 
L(A), by choosing (( | ))-dual bases 

\Q*\i)i= l,...,m\ , {^Xi)i—l,....ra\ 

of L(A) X for every A £ P(A). Fix elements N E F e n P and v N £ L(N) N \ {0}. 
For v,w £ L(A), and u,u £ Uf, t £ T e we get 

r^Tfe (uoe(R(Q))tu) = ^2 {(uv\a X i))e\-kN{t)((b\i\uw)) . 

This sum has only finitely many nonzero summands, because supp(uv) and 
supp(uw) are finite. Denote by p e : P — > P e the projection corresponding to 
the decomposition P = Pe © P e - Due to the last formula we have 



'^sV \bC(B) om = f a ** v \ U0 ® e P W-kN ® fouw \u e 



v ' \eP(A)nR{e), » 

There are only finitely many nonzero summands of this sum. The function 
fa xi v \u e i s nonzero at most if v ^ and if A is bigger than a weight of supp(v), 
which is only possible for finitely many weights A in P(A). Similar things hold 
for fb M w It/a- 

In particular, m* is well defined. From this formula we find for v £ L(N) and 
A e fbnP: 

m *{^pL) = f VNV \ ue , 

ON 



TO *(fe) = l®l®f VNV \ ue . 

"n 



It is easy to see, that (Pe n P) — NqA^ = P B . Taking into account Theorem 4.1 



2), we have found elements of F [PC(O)], which are mapped onto a system of 
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generators of F [Uf] ® F [P e ] ® F [Uf]. Therefore to* is surjective. 

c) to* is injective, because to is surjective. To show the injectivity of to, let 
ui,U2,Ui,U2 € ?7®, ti,t2 G ^ e such that m(tti,ii,iii) = 772(^2,^2,^2). Then 
for all / € F [U e ] we have 

v . 

=m(u2,*2,M2) 

Therfore we find «i = «2. In a similar way, we get t± = tq, and u\ = U2- 

□ 

In the next theorem we give countable coverings of every Gf x G/-orbit of 
SpecmF [G] by big cells. 

Recall that W J denotes the set of minimal coset representatives of W/Wj, and 
J W denotes the set of minimal coset representatives of Wj\W, J C I. 

Theorem 6.5 Let be special. We have 

G f oe(R(e))G f = |J U f aoe(R(Q))TU f T 

<rG e W , TG eueJ -W 

|J U f aoe(R(e))TU f T . 

crgeueJ-vv , re°W 

Proof: It is sufficient to prove the second covering of the theorem, the first 
follows by applying the Chcvallcy involution of Specm F [G] . Obviously the sets 
Ufa oe(R(Q))TUfT are contained in the orbit Gf oe(i?(0))G/. Therefore it 
is sufficient to show that the orbit G / O e(R(Q))G f is contained in the second 
union. 

By writing the elements Ws (i?(0))W in normal form, and inserting in (pT[), we 
get 

G f oe(R(&))G f = (J U f oae(R(Q))TrU f . 

CTe vv eueJ -, re e W 

To transform the expression Uf o <re(R(<d))TTU f , we use the following decom- 
position of Uf, associated to an element w E W, proved in [^|, Section 5.5: 
Set A+ := { a e A+ | wa e A" } and (A+) w := { a e A+ | wa e A+ }. Then 
A^J consists of finitely many positive real roots, and we have 

Uf = U W UJ where U w := exp( gj , Uf := exp( J[ gj. 

aGA+ a£(A+)" 



Using this decomposition, and Proposition 2.14 of |M 1|, compare the section 
preliminaries, we find 

UfOae{R(@))TrU f = U f oae(R(e))T tU t t~ x tUJt" 1 t 

cu- cu f 

C U f 0aU~ ± e(R{e))TUfT = {aU~ x u- l )*Uf oae(R(Q))TU f T . 
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Because of a e W 0ue = { a G W | aa, e A+ for alH £ 6 U 9 1 }, we have 
< 7 U ( ^ ± a _1 C J7~, and the last expression equals [// o cre(R(Q))TUfT. By doing 
similar transformations, we get 

U f oae{R{Q))TU f T = a^Uf oe{R{Q))TU f T 

= {<T- 1 U <y -i(j){a- 1 Uf 1 (j)<T- 1 oe{R{Q))TUfT C fj/cr- 1 o Ue{R{Q))TU f r 

cu- ' CC/j* 
= Ufa- 1 oe(R(Q))TU & xU f T = Ufa' 1 oe{R{0))TU f T . 

Because of (W eu0 ) _1 = eue W we have shown, that the orbit is contained 
in the second union. 

□ 

Our last aim is to show, that there exist stratified transversal slices to the 
Gf X G/-orbits of SpecmF [G] at any of their points. 

Because Gf x Gf acts by isomorphisms on Specm F [G] , it is sufficient to find 
stratified transversal slices at the points loe(i?(0)) S Gf oe(i?(0))G/, spe- 
cial. 

As transversal slice at loe(i?(0)), we will use the closure Gq := loGe, 
equipped with its coordinate ring as a closed subset of Specm F [G] . We have 
the following description: 

Theorem 6.6 Let be special. The restriction map F [G] — > F [Gq] induces a 
closed embedding SpecmW [Gq] — > SpecmW [G] with image 

G^ = (Gf)e»{G f ) e = (j (G f ) 9 oe(R(E))(G f )e 

ECO, S special 

= (J (Ufho(vT e )(U f )e . 

Proof: It is not difficult to check, that the map SpecmF [Gq] — > SpecmF [G] 

is a closed embedding with image Ge- Due to Theorem (G/)e X (G/)e 
maps surjectively to SpecmF [Ge]. To show the first equation of the theorem, 
we have to show, that the concatenation of the maps 

(Gf)ex(Gf)& ^> SpecmF [Ge] -> SpecmF [G] 

coincides with the restricted map o : (G/)e x (G/)e — > SpecmF [G]. 

Let x,y £ (G/)e- Let v,w £ L(A), A G P+. Choose a decomposition L(A) = 

©jeJ °^ ^(^) m an orthogonal direct sum of irreducible highest weight (g e + 

h)-modules. Write v, w as sums v = J2j£j v j' w = J2je.j w j w hh Vj,Wj G Vj. 

Then: 

<*0&>i/)0/w|<3e) = ^(x,y)(J2 f VjWj \ Ge ) = ^ ((xu,- | yw 3 )) 
= ((xv\yw)} = (xoy)(f vw ) 
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The other equations of the theorem follow from 

(G f )eo(G f )e = U e N e (U f )eo(G f )e = (C/ / ) e o(C/ e iV e )*(G})e 

= (U f )eo(G f )e = (U f ) e oU e N e (U f )e = {U^f (U f ) e oNe(U f ) e 

= (Uf)e*Ne(Uf) e Q \J (G f ) @ oe(R(E))(G f ) e Q (G f )eo(G f )e 

ECO, S special 

The unions in the equations of the theorem are disjoint, because the unions 
Uh„; G f oe(R(S))G f , (J^w U f owTU f are disjoint. 

□ 

As open neighborhood of loe(i?(0)), we take the principal open set D(Q). 
Theorem 6.7 Let be special. 

1) WehaveG f oe(R(Q))G f nD(0)=BC(0). The big cell BC{<d) is closed in 
the principal open set D{&). Its coordinate ring coincides with the coordinate 
ring as a closed subset of the principal open set D(Q). 

2) We have loe(i?(0)) £ Gq C £)(0). The coordinate ring of Ge coincides 
with the coordinate ring as a closed subset of the principal open set Z?(0). 

3 a) We get an isomorphism 

* : (3^ x BC(Q) £>(0) 

by ^(xoy, uoe(R(@))tu) := xuoytu, where i,j 6 (G/)e, u, u € (Uf) 6 , and 
teT e . 

b) Inserting loe(i?(0)) in the first entry (resp. second entry) of^J induces the 
identity map on BC(<3) (resp. Gq). 

c) The partition of Specm¥[G] into Gf x Gf -orbits induces partitions of Gq 
and D(Q). ^ preserves the orbits, i.e., 

y(U^nG f Oe(R(E))G f , BC(Q)) = D(Q) n G f oe(R(E))G f , Especial. 

Proof: 1) The first part of the theorem follows immediately from the definition 
of the big cell and its coordinate ring. 

2) From the last theorem and the description of D(0) given in Theorem |6.2| 
follows loe(i?(0)) GG^CD(e). 

The statement of part 2) about the coordinate rings can be seen as follows: 
D(Q) is the principal open set of 9\ for an element A G Fq n P. Now Gq 
stabilizes every point of the highest weight space L(A)a, because for j £ the 
Oj-string of -P(A) through A consists only of A. Therefore #a takes the value 1 



on 1 o Gq , and also on the closure 1 o Gq = Gq . 



3) Because of Theorem 3.4, the statement of 3 a) is equivalent to the following 
statement, which we will prove: We get a bijective map 

* : {U f f x G^ x T e x (U f ) e -> D(Q) 
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by ^(u,xoy, t,u) :— xuoytu = (xo y)(u, tu), where x, y € (G/)e, u, u € (£//), 
t G T e . Its comorphism exists and is an isomorphism of algebras. 



From the the descriptions of D(Q) and Gq given in Theorem 3.2 and in the last 
theorem follows, that the image of the map is D(0). 

Next we show that the comorphism ^* exists and is surjective: Choose an ele- 
ment A € Fq n Pj. It is easy to check, that the multiplication maps Dg'(0\) x 
Trest — ► Dg(0\), and Tj^q xT rest — ► T° are bijective. Furthermore their comor- 
phisms are isomorphisms F[_D G (0 A )] F[L> G ,(6> A )] ®F[P rest ], and F [P e ] 
At 



F [P/\e] <8>F [P r est]- Also the comorphism of the bijective map * : U e — » (t/ 6 " 1 



is an isomorphism F[(£/ e ) ] — » F[C/ e ]. Taking into account Theorem 5.2 for 
J = I and L = 6 1 , we find that the map 

m: U e x Gq xT e xU e -> £> G (0 A ) 

given by rh(u, g,t,u) := u*gtu is bijective, its comorphism exists, and is an 
isomorphism of algebras. 

Now identify G with loG. Then Dq(9\) is contained in £>(6). Due to Theorem 
[4.2| the set J7 e is dense in (Uf) . The coordinate ring F [(C//) e ] is isomorphic 

to F [C/ e ] by the restriction map. Similar things hold for Gq, Gq and their 
coordinate rings. 

For a coordinate ring F [B] and a nonempty subset A C B denote by res^ the 
restriction map ¥[B] — > F [A]. It is easy to check, that the surjective map 

rests' ® res^ ® res^e (g) rea$> J ° to* o res^^^ 

is the comorphism of 3?. (Make use of ^(u, 5, i, u) = m(w, g, i, m) for u, u G C/ e , 
.9 S G e , and t e T e .) 

Because the maps $ and >?* are surjective, they are also injective. This is 
shown in the same way as the injectivity of the maps to and to* in the proof of 



Theorem 6.4. 



3 b) follows immediately from the definition of 'J. 3 c) can be checked easily by 
using the definition and the bijectivity of 'J', and the last theorem. 

□ 
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